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• Common Challenges
– Large systems (order of 50k-100k variables)
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Figure 1: Symmetry detection on a sculpted model. From left to right: Original model, detected partial and approximate symmetries,

color-coded deviations from perfect symmetry as a fraction of the bounding box diagonal.

Abstract

“Symmetry is a complexity-reducing concept [...]; seek it every-

where.” - Alan J. Perlis

Many natural and man-made objects exhibit significant symmetries

or contain repeated substructures. This paper presents a new al-

gorithm that processes geometric models and efficiently discovers

and extracts a compact representation of their Euclidean symme-

tries. These symmetries can be partial, approximate, or both. The

method is based on matching simple local shape signatures in pairs

and using these matches to accumulate evidence for symmetries in

an appropriate transformation space. A clustering stage extracts

potential significant symmetries of the object, followed by a veri-

fication step. Based on a statistical sampling analysis, we provide

theoretical guarantees on the success rate of our algorithm. The

extracted symmetry graph representation captures important high-

level information about the structure of a geometric model which in

turn enables a large set of further processing operations, including

shape compression, segmentation, consistent editing, symmetriza-

tion, indexing for retrieval, etc.

CR Categories: I.3.5 [Computer Graphics]: Computational

Geometry and Object Modeling.

Keywords: geometric modeling, shape analysis, symmetry detec-

tion, shape descriptor, sampling guarantees.

1 Introduction

Symmetry is an essential and ubiquitous concept in nature, science,

and art. For example, in geometry, the Erlanger program of Felix

Klein [1893] has fueled for over a century mathematicians’ inter-

est in invariance under certain group actions as a key principle for

understanding geometric spaces. Numerous biological, physical, or

man-made structures exhibit symmetries as a fundamental design

principle or as an essential aspect of their function. Whether by

evolution or design, symmetry implies certain economies and effi-

ciencies of structure that make it universally appealing. Symmetry

also plays an important role in human visual perception and aes-

thetics. Arguably much of the understanding of the world around

us is based on the perception and recognition of shared or repeated

structures, and so is our sense of beauty [Thompson 1961].

In this paper we present a novel method for detecting meaningful

symmetries in digital 3D shapes. We understand symmetry as the

invariance under a set of transformations — in our case translation,

rotation, reflection, and uniform scaling, the common generators

of the Euclidean group. The figure below shows a 2D illustration.

As can be seen in this example, symmetries or congruences that

are quite apparent to us can be approximate and occur at differ-

ent scales. Our goal is to define an algorithm that extracts (partial)

symmetries at all scales, including approximate or imperfect sym-

metries of varying degree. This allows the user to select the subset

of symmetries that are most meaningful for a specific application.

Examples include scan registration and alignment, shape matching,

segmentation and skeleton extraction, compression, advanced mod-

eling and editing, and shape database retrieval.

reflection reflection + rotation + translation scale + rotation + translation

To achieve this goal, we separate the symmetry computation into

two phases: In the first step, we compute simple local shape de-

scriptors at a selected set of points on the shape. These descriptors

are chosen so that they are invariant under the group actions of in-

terest. We use these local descriptors to pair up points that could be

mapped to each other under a candidate symmetry action. We think

of each such pair as depositing mass, or voting, for a specific sym-

metry in the transformation space of interest. In this space, pairs

with similar transformations form clusters that provide evidence for

the corresponding symmetry relation.
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Symmetry is an essential and ubiquitous concept in nature, science,

and art. For example, in geometry, the Erlanger program of Felix

Klein [1893] has fueled for over a century mathematicians’ inter-

est in invariance under certain group actions as a key principle for

understanding geometric spaces. Numerous biological, physical, or

man-made structures exhibit symmetries as a fundamental design

principle or as an essential aspect of their function. Whether by

evolution or design, symmetry implies certain economies and effi-

ciencies of structure that make it universally appealing. Symmetry

also plays an important role in human visual perception and aes-

thetics. Arguably much of the understanding of the world around

us is based on the perception and recognition of shared or repeated

structures, and so is our sense of beauty [Thompson 1961].

In this paper we present a novel method for detecting meaningful

symmetries in digital 3D shapes. We understand symmetry as the

invariance under a set of transformations — in our case translation,

rotation, reflection, and uniform scaling, the common generators

of the Euclidean group. The figure below shows a 2D illustration.

As can be seen in this example, symmetries or congruences that

are quite apparent to us can be approximate and occur at differ-

ent scales. Our goal is to define an algorithm that extracts (partial)

symmetries at all scales, including approximate or imperfect sym-

metries of varying degree. This allows the user to select the subset

of symmetries that are most meaningful for a specific application.

Examples include scan registration and alignment, shape matching,

segmentation and skeleton extraction, compression, advanced mod-

eling and editing, and shape database retrieval.

reflection reflection + rotation + translation scale + rotation + translation

To achieve this goal, we separate the symmetry computation into

two phases: In the first step, we compute simple local shape de-

scriptors at a selected set of points on the shape. These descriptors

are chosen so that they are invariant under the group actions of in-

terest. We use these local descriptors to pair up points that could be

mapped to each other under a candidate symmetry action. We think

of each such pair as depositing mass, or voting, for a specific sym-

metry in the transformation space of interest. In this space, pairs

with similar transformations form clusters that provide evidence for

the corresponding symmetry relation.
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1 Introduction

Symmetry is an essential and ubiquitous concept in nature, science,

and art. For example, in geometry, the Erlanger program of Felix

Klein [1893] has fueled for over a century mathematicians’ inter-

est in invariance under certain group actions as a key principle for

understanding geometric spaces. Numerous biological, physical, or

man-made structures exhibit symmetries as a fundamental design

principle or as an essential aspect of their function. Whether by

evolution or design, symmetry implies certain economies and effi-

ciencies of structure that make it universally appealing. Symmetry

also plays an important role in human visual perception and aes-

thetics. Arguably much of the understanding of the world around

us is based on the perception and recognition of shared or repeated

structures, and so is our sense of beauty [Thompson 1961].

In this paper we present a novel method for detecting meaningful

symmetries in digital 3D shapes. We understand symmetry as the

invariance under a set of transformations — in our case translation,

rotation, reflection, and uniform scaling, the common generators

of the Euclidean group. The figure below shows a 2D illustration.

As can be seen in this example, symmetries or congruences that

are quite apparent to us can be approximate and occur at differ-

ent scales. Our goal is to define an algorithm that extracts (partial)

symmetries at all scales, including approximate or imperfect sym-

metries of varying degree. This allows the user to select the subset

of symmetries that are most meaningful for a specific application.

Examples include scan registration and alignment, shape matching,

segmentation and skeleton extraction, compression, advanced mod-

eling and editing, and shape database retrieval.

reflection reflection + rotation + translation scale + rotation + translation

To achieve this goal, we separate the symmetry computation into

two phases: In the first step, we compute simple local shape de-

scriptors at a selected set of points on the shape. These descriptors

are chosen so that they are invariant under the group actions of in-

terest. We use these local descriptors to pair up points that could be

mapped to each other under a candidate symmetry action. We think

of each such pair as depositing mass, or voting, for a specific sym-

metry in the transformation space of interest. In this space, pairs

with similar transformations form clusters that provide evidence for

the corresponding symmetry relation.
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ETH Zürich

0.02-0.02

Figure 1: Symmetry detection on a sculpted model. From left to right: Original model, detected partial and approximate symmetries,

color-coded deviations from perfect symmetry as a fraction of the bounding box diagonal.

Abstract

“Symmetry is a complexity-reducing concept [...]; seek it every-

where.” - Alan J. Perlis

Many natural and man-made objects exhibit significant symmetries

or contain repeated substructures. This paper presents a new al-

gorithm that processes geometric models and efficiently discovers

and extracts a compact representation of their Euclidean symme-

tries. These symmetries can be partial, approximate, or both. The

method is based on matching simple local shape signatures in pairs

and using these matches to accumulate evidence for symmetries in

an appropriate transformation space. A clustering stage extracts

potential significant symmetries of the object, followed by a veri-
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1 Introduction

Symmetry is an essential and ubiquitous concept in nature, science,

and art. For example, in geometry, the Erlanger program of Felix

Klein [1893] has fueled for over a century mathematicians’ inter-

est in invariance under certain group actions as a key principle for

understanding geometric spaces. Numerous biological, physical, or

man-made structures exhibit symmetries as a fundamental design

principle or as an essential aspect of their function. Whether by

evolution or design, symmetry implies certain economies and effi-

ciencies of structure that make it universally appealing. Symmetry

also plays an important role in human visual perception and aes-

thetics. Arguably much of the understanding of the world around

us is based on the perception and recognition of shared or repeated

structures, and so is our sense of beauty [Thompson 1961].

In this paper we present a novel method for detecting meaningful

symmetries in digital 3D shapes. We understand symmetry as the

invariance under a set of transformations — in our case translation,

rotation, reflection, and uniform scaling, the common generators

of the Euclidean group. The figure below shows a 2D illustration.

As can be seen in this example, symmetries or congruences that

are quite apparent to us can be approximate and occur at differ-

ent scales. Our goal is to define an algorithm that extracts (partial)

symmetries at all scales, including approximate or imperfect sym-

metries of varying degree. This allows the user to select the subset

of symmetries that are most meaningful for a specific application.

Examples include scan registration and alignment, shape matching,

segmentation and skeleton extraction, compression, advanced mod-

eling and editing, and shape database retrieval.

reflection reflection + rotation + translation scale + rotation + translation

To achieve this goal, we separate the symmetry computation into

two phases: In the first step, we compute simple local shape de-

scriptors at a selected set of points on the shape. These descriptors

are chosen so that they are invariant under the group actions of in-

terest. We use these local descriptors to pair up points that could be

mapped to each other under a candidate symmetry action. We think

of each such pair as depositing mass, or voting, for a specific sym-

metry in the transformation space of interest. In this space, pairs

with similar transformations form clusters that provide evidence for

the corresponding symmetry relation.
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Abstract

“Symmetry is a complexity-reducing concept [...]; seek it every-

where.” - Alan J. Perlis

Many natural and man-made objects exhibit significant symmetries

or contain repeated substructures. This paper presents a new al-

gorithm that processes geometric models and efficiently discovers

and extracts a compact representation of their Euclidean symme-

tries. These symmetries can be partial, approximate, or both. The

method is based on matching simple local shape signatures in pairs

and using these matches to accumulate evidence for symmetries in

an appropriate transformation space. A clustering stage extracts

potential significant symmetries of the object, followed by a veri-

fication step. Based on a statistical sampling analysis, we provide

theoretical guarantees on the success rate of our algorithm. The

extracted symmetry graph representation captures important high-

level information about the structure of a geometric model which in

turn enables a large set of further processing operations, including

shape compression, segmentation, consistent editing, symmetriza-

tion, indexing for retrieval, etc.

CR Categories: I.3.5 [Computer Graphics]: Computational

Geometry and Object Modeling.

Keywords: geometric modeling, shape analysis, symmetry detec-

tion, shape descriptor, sampling guarantees.

1 Introduction

Symmetry is an essential and ubiquitous concept in nature, science,

and art. For example, in geometry, the Erlanger program of Felix

Klein [1893] has fueled for over a century mathematicians’ inter-

est in invariance under certain group actions as a key principle for

understanding geometric spaces. Numerous biological, physical, or

man-made structures exhibit symmetries as a fundamental design

principle or as an essential aspect of their function. Whether by

evolution or design, symmetry implies certain economies and effi-

ciencies of structure that make it universally appealing. Symmetry

also plays an important role in human visual perception and aes-

thetics. Arguably much of the understanding of the world around

us is based on the perception and recognition of shared or repeated

structures, and so is our sense of beauty [Thompson 1961].

In this paper we present a novel method for detecting meaningful

symmetries in digital 3D shapes. We understand symmetry as the

invariance under a set of transformations — in our case translation,

rotation, reflection, and uniform scaling, the common generators

of the Euclidean group. The figure below shows a 2D illustration.

As can be seen in this example, symmetries or congruences that

are quite apparent to us can be approximate and occur at differ-

ent scales. Our goal is to define an algorithm that extracts (partial)

symmetries at all scales, including approximate or imperfect sym-

metries of varying degree. This allows the user to select the subset

of symmetries that are most meaningful for a specific application.

Examples include scan registration and alignment, shape matching,

segmentation and skeleton extraction, compression, advanced mod-

eling and editing, and shape database retrieval.

reflection reflection + rotation + translation scale + rotation + translation

To achieve this goal, we separate the symmetry computation into

two phases: In the first step, we compute simple local shape de-

scriptors at a selected set of points on the shape. These descriptors

are chosen so that they are invariant under the group actions of in-

terest. We use these local descriptors to pair up points that could be

mapped to each other under a candidate symmetry action. We think

of each such pair as depositing mass, or voting, for a specific sym-

metry in the transformation space of interest. In this space, pairs

with similar transformations form clusters that provide evidence for

the corresponding symmetry relation.
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us is based on the perception and recognition of shared or repeated

structures, and so is our sense of beauty [Thompson 1961].

In this paper we present a novel method for detecting meaningful
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invariance under a set of transformations — in our case translation,

rotation, reflection, and uniform scaling, the common generators

of the Euclidean group. The figure below shows a 2D illustration.

As can be seen in this example, symmetries or congruences that

are quite apparent to us can be approximate and occur at differ-

ent scales. Our goal is to define an algorithm that extracts (partial)

symmetries at all scales, including approximate or imperfect sym-

metries of varying degree. This allows the user to select the subset

of symmetries that are most meaningful for a specific application.

Examples include scan registration and alignment, shape matching,

segmentation and skeleton extraction, compression, advanced mod-

eling and editing, and shape database retrieval.
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To achieve this goal, we separate the symmetry computation into

two phases: In the first step, we compute simple local shape de-

scriptors at a selected set of points on the shape. These descriptors

are chosen so that they are invariant under the group actions of in-

terest. We use these local descriptors to pair up points that could be

mapped to each other under a candidate symmetry action. We think

of each such pair as depositing mass, or voting, for a specific sym-

metry in the transformation space of interest. In this space, pairs

with similar transformations form clusters that provide evidence for

the corresponding symmetry relation.
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Figure 8: Consolidation result on a data of very tall skyscraper.
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are usually different across views thus resulting in improved
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ages, image #2 in this example.
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Input: Collection of images of a building facade 
(with repetitions)Ceylan et al. / Factored Facade Acquisition

user-guided contour detection Wu et al.

Figure 6: Roughly marking a single repeating element helps
to find the correct semantic symmetry (left). Fully automatic
methods such as Wu et al. [WFP10] often merge semanti-
cally separate parts into one symmetric element (right).

a coupling symmetry transform that best explains the ob-
served data. For simplicity we explain the optimization using
translations, the most dominant symmetry type in buildings.
Translational symmetry encodes the line offset o such that
any other line is represented as l0i = (n,d + (i � 1)o). Let
any of the original lines li have end points p1

i and p2
i . Then

extracting the best line parameters along with the coupling
symmetry transform amounts to minimizing

E(n,d,o) = Â
i
kp1

i �p2
i k((nT p1

i +d +(i�1)o)2

+(nT p2
i +d +(i�1)o)2) (2)

with the side constraint knk = 1. We alternate between the
computation of the transform parameter o and the line pa-
rameters (n,d) using a least squares and an eigen-value for-
mulation, respectively. Once converged (typically 2 to 5 iter-
ations), we recompute the set of close lines to the optimized
template strokes and repeat the entire symmetry-based op-
timization procedure k = 3 times. (see Figure 7). The anal-
ysis is similar in case of a 2D translational grid. In pres-
ence of rotations (see Figure 2), however, we switch to an
instantaneous velocity formulation and then project to rigid
transforms using helical motion (see [MFO⇤07] for details).
Note that this process is effectively performing symmetriza-
tion [MGP07] in the space of lines.

Structure completion: So far, we use the projected 3D
MVS edges for structure discovery, but left out the original
detected edges in each image, since such edges are typically
noisy and corrupted with outliers. Now we use the detected

line and transformation
initialization

initial repetition
detection

repetition 
completion

detected edges

line 
optimization

transformation 
optimization

close edges

inner
&

outer
loop

initial alignment

iteration 1

iteration 2

iteration 3

Figure 7: Symmetry based optimization is performed on
the initially detected repetitions to initialize the line and the
transformation parameters for grid fitting. After the missing
elements are detected the optimization procedure is repeated
to get the final alignment. This procedure contains an inner
loop of successive iterations of line and transformation opti-
mizations and an outer loop of updating the template strokes
and reselecting the close edges.

regularity among the repeated elements to identify the out-
lier edges, and make use of the remaining 2D edges. Specif-
ically, assuming the detected regularity is a pattern repeated
under a 1D or 2D grid structure, let L2 denote the set of
image-level edges for any rectified image. We propagate the
detected grid structures and also test in regions of missing
elements but with reduced threshold margins (75% in our
implementation) as compared to the previous stage. Note
that instead of projected 3D MVS edges we now make use
of edges from L2. After the missing elements are detected,
we reperform the simultaneous line and transformation opti-
mization using all the repeating elements to refine the shape

c� 2011 The Author(s)
c� 2011 The Eurographics Association and Blackwell Publishing Ltd.
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Our Approach

Given a collection, we:

Extract a template model.

Navigate the collection by deforming the template.

Extract the variability in the collection and constrain the
deformations to the observed ones.

Navigate the collection with constraint deformation.

...
(a) input collection (b) template deformation model (c) constrained exploration

low-level geometry ➙ (structure+element) + variations

[Siggraph 2011]
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Our Approach

Given a collection, we:

Extract a template model.

Navigate the collection by deforming the template.

Extract the variability in the collection and constrain the
deformations to the observed ones.

Navigate the collection with constraint deformation.
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(a) input collection (b) template deformation model (c) constrained exploration
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low-level geometry ➙ (structure+element) + variations
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Figure 2: (Left) Modeling interface consisting of modeling and
suggestion panels. (Right) The modeling interface with typical
stages shown: creation, connection, translation, scaling, and ro-
tation of a plank and placement of a weight.

do not provide guidance for good deformation directions to help the
user navigate high-dimensional space of possibilities.

Design optimization. Various optimization strategies have been
proposed for a range of design problems: relief optimization for
prescribed shadow footprints [Alexa and Matusik 2010], furniture
layout while increasing functional considerations like accessibil-
ity, etc. [Yu et al. 2011], or optimizing combination of materials
to reach target deformation behavior [Bickel et al. 2010]. In the
context of buildings, Smith et al. [2002] model truss structure by
structural optimization, while Whiting et al. [2009] optimize free
variables in the context of procedural modeling with regards to
structural feasibility by ensuring non-negative force between brick
elements. These approaches propose final optimized shapes, which
are not beneficial in initial exploratory stages. Instead, we intro-
duce shape space investigation to understand the effect of geometric
changes to physical validity, and use the findings to expose the valid
and useful parts of the shape space as suggestion modes.

In the context of design rationalization, researchers have worked
on minimally changing input designs while maximizing repetitions
across molds or triangular patches, thus enabling economic con-
struction of free-form surfaces. These methods, however, are not
integrated with the design phase, and do not consider any physical
durability constraints of shapes [Eigensatz et al. 2010; Singh and
Schaefer 2010].

3 System Overview

Overview. Figure 2-left shows our modeling interface: we have
a modeling panel, and a suggestion panel. The modeling panel
basically works as a standard modeling system, although it is spe-
cialized for models consisting of multiple planks connected by nail
joints. Our system continuously runs validity check in the back-
ground and shows whether the current configuration satisfies the
geometric and physical requirements. Specifically, the current sys-
tem examines connectivity, durability, and stability. As a design
choice, we do not check for self-intersections at runtime. The sys-
tem also runs valid shape space analysis in the background. The
result of the analysis appears as an annotation in the main panel
during mouse dragging. The result is also shown as suggestions
in the suggestion panel after mouse release if the shape is invalid.
Each suggestion when clicked appears in the modeling panel.

Modeling user interface. Figure 2-right shows the basic mod-
eling operations provided in the system. Modeling operation is
similar to SketchUP. The user draws two 2D lines on the screen to
make a new rectangular plank in the drawing mode defined by the
two lines (a-c). Thickness of a plank is predefined (12mm in our
setting). The first line is drawn by mouse dragging and is placed
on an existing plank under the cursor. The end point of the first
line becomes the starting point of the second line and its end point
is specified by a mouse click. The second line is either projected

a) b) c)

Figure 3: Warning flagged for invalid configurations: Joints get
disconnected (a), a model becomes non-durable due to excessive
force at nails (in red) (b), or becomes unstable, i.e., topples (c).

on an existing plank or aligned to canonical xyz-axis. A joint is
automatically generated between the newly created plank and the
existing planks on which the first and second line are placed on.
The user translates, rotates, and scales a plank using 3D widgets (d-
f). When an edge of a plank is placed near another plank, these
planks are automatically connected (g). Finally, the user places a
weight by clicking on a plank in the weight mode (h).

Validity visualization and suggestions. Figure 3 shows exam-
ples where the current configuration is invalid. When a joint be-
comes disconnected, the system shows the joint in red (a). When
the model breaks at a joint, the system also highlights the joint in
red (b). When the model falls down, the system shows a big red
arrow mark (c). These warnings automatically appear and are con-
tinuously updated during the user’s dragging operation, so the user
can move back to a valid state by direct manipulation and watching
these feedbacks.

In addition to checking whether the current configuration is valid or
not, the system computes the valid range of the parameter (degrees
of freedom, DOF) being manipulated and shows it to the user during
direct manipulation (mouse drag). When the current configuration
is valid, the system shows the valid range as a black line. When the
current configuration is invalid, the system shows the valid range in
red (see Figure 4). Explicitly showing the valid range reduces the
need of trial and errors to stay within or return to valid state during
direct manipulation editing.

The system also provides suggestions (capped to a maximum of
8 in our setting) on how to resolve an invalid state, if applicable,
in the suggestion window after each mouse release. When a joint
becomes disconnected, the system shows how to make it connected
again (Figure 5a). When the model is undurable or unstable, the
system shows how to make it durable and stable (Figure 5b, 5c).
Each suggestion consists of a representative configuration and an
optional coordinated editing mode. When the user clicks on a sug-
gestion, the representative configuration appears in the modeling
panel together with arrow marks indicating the coordinated editing
mode (Figure 6a). The user drags one of these arrow marks to
make coordinated editing. Coordinated editing allows the user to
control multiple DOFs of a model simultaneously while satisfying
the required constraints. These multiple DOFs are coupled together,
i.e., the user cannot fix the undurability or instability moving each
DOFs individually. For example in Figure 6, if the user slides the
top board of the table toward left, the angle of the left leg become

Figure 4: Range indicators. Range is shown in black when the
current configuration is valid and in red when invalid.

[Siggraph 2012]
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do not provide guidance for good deformation directions to help the
user navigate high-dimensional space of possibilities.

Design optimization. Various optimization strategies have been
proposed for a range of design problems: relief optimization for
prescribed shadow footprints [Alexa and Matusik 2010], furniture
layout while increasing functional considerations like accessibil-
ity, etc. [Yu et al. 2011], or optimizing combination of materials
to reach target deformation behavior [Bickel et al. 2010]. In the
context of buildings, Smith et al. [2002] model truss structure by
structural optimization, while Whiting et al. [2009] optimize free
variables in the context of procedural modeling with regards to
structural feasibility by ensuring non-negative force between brick
elements. These approaches propose final optimized shapes, which
are not beneficial in initial exploratory stages. Instead, we intro-
duce shape space investigation to understand the effect of geometric
changes to physical validity, and use the findings to expose the valid
and useful parts of the shape space as suggestion modes.

In the context of design rationalization, researchers have worked
on minimally changing input designs while maximizing repetitions
across molds or triangular patches, thus enabling economic con-
struction of free-form surfaces. These methods, however, are not
integrated with the design phase, and do not consider any physical
durability constraints of shapes [Eigensatz et al. 2010; Singh and
Schaefer 2010].

3 System Overview

Overview. Figure 2-left shows our modeling interface: we have
a modeling panel, and a suggestion panel. The modeling panel
basically works as a standard modeling system, although it is spe-
cialized for models consisting of multiple planks connected by nail
joints. Our system continuously runs validity check in the back-
ground and shows whether the current configuration satisfies the
geometric and physical requirements. Specifically, the current sys-
tem examines connectivity, durability, and stability. As a design
choice, we do not check for self-intersections at runtime. The sys-
tem also runs valid shape space analysis in the background. The
result of the analysis appears as an annotation in the main panel
during mouse dragging. The result is also shown as suggestions
in the suggestion panel after mouse release if the shape is invalid.
Each suggestion when clicked appears in the modeling panel.

Modeling user interface. Figure 2-right shows the basic mod-
eling operations provided in the system. Modeling operation is
similar to SketchUP. The user draws two 2D lines on the screen to
make a new rectangular plank in the drawing mode defined by the
two lines (a-c). Thickness of a plank is predefined (12mm in our
setting). The first line is drawn by mouse dragging and is placed
on an existing plank under the cursor. The end point of the first
line becomes the starting point of the second line and its end point
is specified by a mouse click. The second line is either projected
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disconnected (a), a model becomes non-durable due to excessive
force at nails (in red) (b), or becomes unstable, i.e., topples (c).

on an existing plank or aligned to canonical xyz-axis. A joint is
automatically generated between the newly created plank and the
existing planks on which the first and second line are placed on.
The user translates, rotates, and scales a plank using 3D widgets (d-
f). When an edge of a plank is placed near another plank, these
planks are automatically connected (g). Finally, the user places a
weight by clicking on a plank in the weight mode (h).

Validity visualization and suggestions. Figure 3 shows exam-
ples where the current configuration is invalid. When a joint be-
comes disconnected, the system shows the joint in red (a). When
the model breaks at a joint, the system also highlights the joint in
red (b). When the model falls down, the system shows a big red
arrow mark (c). These warnings automatically appear and are con-
tinuously updated during the user’s dragging operation, so the user
can move back to a valid state by direct manipulation and watching
these feedbacks.

In addition to checking whether the current configuration is valid or
not, the system computes the valid range of the parameter (degrees
of freedom, DOF) being manipulated and shows it to the user during
direct manipulation (mouse drag). When the current configuration
is valid, the system shows the valid range as a black line. When the
current configuration is invalid, the system shows the valid range in
red (see Figure 4). Explicitly showing the valid range reduces the
need of trial and errors to stay within or return to valid state during
direct manipulation editing.

The system also provides suggestions (capped to a maximum of
8 in our setting) on how to resolve an invalid state, if applicable,
in the suggestion window after each mouse release. When a joint
becomes disconnected, the system shows how to make it connected
again (Figure 5a). When the model is undurable or unstable, the
system shows how to make it durable and stable (Figure 5b, 5c).
Each suggestion consists of a representative configuration and an
optional coordinated editing mode. When the user clicks on a sug-
gestion, the representative configuration appears in the modeling
panel together with arrow marks indicating the coordinated editing
mode (Figure 6a). The user drags one of these arrow marks to
make coordinated editing. Coordinated editing allows the user to
control multiple DOFs of a model simultaneously while satisfying
the required constraints. These multiple DOFs are coupled together,
i.e., the user cannot fix the undurability or instability moving each
DOFs individually. For example in Figure 6, if the user slides the
top board of the table toward left, the angle of the left leg become

Figure 4: Range indicators. Range is shown in black when the
current configuration is valid and in red when invalid.

a) b) c)

Figure 5: Example of suggestions. A joint is connected (a), the
model is made durable (b), and the model is made stable (c).

perpendicular to the ground to compensate the increase of bending
force on the left joint (Figure 6b, 6c).

4 Algorithm Overview

As the user edits the model (add, remove, translate, rotate, or scale
a plank), we first try to satisfy geometric constraints, i.e., joint con-
nectivity and ground contact, by adjusting the length of the other
planks. If we fail to satisfy the geometric constraints, we suggest
discrete changes to fix it. After the model satisfies geometric con-
straints, we check for physical validity of the current shape and
present the result to the user. We test for durability and stability that
amount to checking for inequality constraints on joint and contact
forces. In addition to showing valid or not, we also analyze how
validity changes with respect to further geometric modifications,
i.e., what changes make the invalid model valid, and vice versa. The
result of the analysis is used to compute valid ranges and make sug-
gestions. Section 5 describes how we measure and analyze physical
validity, while Section 6 describes how we compute valid range
visualization and suggestions based on the analysis. Note that fric-
tional contacts with the ground pose a challenge to the sensitivity
analysis, and we present a method to address this issue.

5 Physical Validity

In our interactive framework, we continuously analyze the current
design to provide feedback to the user about the physical validity
of the current shape during user’s editing. Specifically, the system
checks two types of physical validity: (i) if the nail joint is durable
or not, and (ii) if the structure is stable or not. In this section,
we first describe how to measure durability of a current design by
solving constrained rigid body dynamics to obtain forces on the
joint. Next, we propose sensitivity analysis to analytically estimate
changes in static equilibrium under infinitesimal perturbations of
the current design. This analysis helps to generate editing sugges-
tions as well as accelerate computation of validity.

5.1 Durability Measurement

In any nail-jointed wooden structure, the joints form the weakest
links, i.e., such structures primarily break at the joints rather than
at other sections [Parker and Ambrose 1997]. Hence, in our frame-
work we model component planks of wooden furniture as assem-
blies of unbreakable rigid bodies, while focusing on the joint and
the contact forces. We first define joint forces and then explain
how to compute joint and contact forces for a given model. We
then describe how to examine durability based on the obtained joint
forces. Most of the techniques explained in this section are standard
methods in physical simulation. We describe them for explaining
the main contribution described in the next section. An exception
is the treatment of frictional contact. It is not trivial to handle fric-
tional contact within the framework of sensitivity analysis and we
present a novel method.

a) c)b)

Figure 6: Example of coordinated editing using suggestions. The
table is non-durable and system shows multiple suggestions (a).
The user clicks on a suggestion, and it appears on the modeling
window (b). The user can change the position of the top board and
left leg simultaneously by dragging any of the arrow handles (c).

Definition of joint forces. We characterize each nail-
joint connection as a constraint between the participat-
ing plank pairs. We describe static rigid body equi-
librium under joint constraint following the notation of
[Geradin and Cardona 2001]. Let planks Pi and Pj be

representative
nail joint

Ni j

pi j

Pi

ci

Ri

Pjc j

R j

connected by a nail joint
Ni j. Further, say each
plank Pi has an initial
center position ci 2 R3,
and then we apply a rota-
tion Ri 2 SO(3) followed
by a translation ui 2 R3.
Although plank pairs are
connected using several
nails at a nail-joint, for
simplicity we represent
such nail positions using
a single point pi j. The joint constraint are: (i) a translational part
that keeps the participating planks together, and (ii) a rotational part
that prevents bending. Let,

dt
i j := [Ri(pi j � ci) + ci + ui]� [R j(pi j � c j) + c j + u j]

dr
i j := vect

�
RT

i R j
�

where, vect is an operator that extracts the axial rotation vector of a
rotation matrix. Note that since both Ri,R j 2 SO(3), RT

i R j is also
a rotation matrix. At each nail-joint Ni j the joint constraints are:

dt
i j = 0 and dr

i j = 0. (1)

The set of such constraints for a furniture can be redundant (e.g.,
if a set of planks are connected in a loop). This leads to an
over-constrained system. Hence, we allow for deviations from ex-
act constraint using a penalty method. Specifically, we measure
deformation energy at joint Ni j as E joint(Ni j) = 0.5kdt

i jk2/et +

0.5kdr
i jk2/er, which we include as the potential energy of the sys-

tem (see Equation 3). The scalar values et and er are small constants
(both set to 10�5 in our tests). The derivative of penalty function
E joint with respect to dt and dr,

ht = dt/et and hr = dr/er (2)

can be seen as a constraint force. We call these forces respectively
as translation force and bending force (in the field of engineering,
this bending force is called bending moment). Note that these de-
viation dt and dr are influenced by the values of et and er, but ht

and hr are not. These ht and hr have physical meaning relating to
equilibrium of the forces between planks.

Computation of joint and contact forces. In this work, we focus
on behavior of shapes under static equilibrium rather than dynamic
motion of rigid bodies. We therefore compute forces applied to
each joint by directly minimizing the total potential energy of the

[Siggraph 2012]
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Figure 2: (Left) Modeling interface consisting of modeling and
suggestion panels. (Right) The modeling interface with typical
stages shown: creation, connection, translation, scaling, and ro-
tation of a plank and placement of a weight.

do not provide guidance for good deformation directions to help the
user navigate high-dimensional space of possibilities.

Design optimization. Various optimization strategies have been
proposed for a range of design problems: relief optimization for
prescribed shadow footprints [Alexa and Matusik 2010], furniture
layout while increasing functional considerations like accessibil-
ity, etc. [Yu et al. 2011], or optimizing combination of materials
to reach target deformation behavior [Bickel et al. 2010]. In the
context of buildings, Smith et al. [2002] model truss structure by
structural optimization, while Whiting et al. [2009] optimize free
variables in the context of procedural modeling with regards to
structural feasibility by ensuring non-negative force between brick
elements. These approaches propose final optimized shapes, which
are not beneficial in initial exploratory stages. Instead, we intro-
duce shape space investigation to understand the effect of geometric
changes to physical validity, and use the findings to expose the valid
and useful parts of the shape space as suggestion modes.

In the context of design rationalization, researchers have worked
on minimally changing input designs while maximizing repetitions
across molds or triangular patches, thus enabling economic con-
struction of free-form surfaces. These methods, however, are not
integrated with the design phase, and do not consider any physical
durability constraints of shapes [Eigensatz et al. 2010; Singh and
Schaefer 2010].

3 System Overview

Overview. Figure 2-left shows our modeling interface: we have
a modeling panel, and a suggestion panel. The modeling panel
basically works as a standard modeling system, although it is spe-
cialized for models consisting of multiple planks connected by nail
joints. Our system continuously runs validity check in the back-
ground and shows whether the current configuration satisfies the
geometric and physical requirements. Specifically, the current sys-
tem examines connectivity, durability, and stability. As a design
choice, we do not check for self-intersections at runtime. The sys-
tem also runs valid shape space analysis in the background. The
result of the analysis appears as an annotation in the main panel
during mouse dragging. The result is also shown as suggestions
in the suggestion panel after mouse release if the shape is invalid.
Each suggestion when clicked appears in the modeling panel.

Modeling user interface. Figure 2-right shows the basic mod-
eling operations provided in the system. Modeling operation is
similar to SketchUP. The user draws two 2D lines on the screen to
make a new rectangular plank in the drawing mode defined by the
two lines (a-c). Thickness of a plank is predefined (12mm in our
setting). The first line is drawn by mouse dragging and is placed
on an existing plank under the cursor. The end point of the first
line becomes the starting point of the second line and its end point
is specified by a mouse click. The second line is either projected

a) b) c)

Figure 3: Warning flagged for invalid configurations: Joints get
disconnected (a), a model becomes non-durable due to excessive
force at nails (in red) (b), or becomes unstable, i.e., topples (c).

on an existing plank or aligned to canonical xyz-axis. A joint is
automatically generated between the newly created plank and the
existing planks on which the first and second line are placed on.
The user translates, rotates, and scales a plank using 3D widgets (d-
f). When an edge of a plank is placed near another plank, these
planks are automatically connected (g). Finally, the user places a
weight by clicking on a plank in the weight mode (h).

Validity visualization and suggestions. Figure 3 shows exam-
ples where the current configuration is invalid. When a joint be-
comes disconnected, the system shows the joint in red (a). When
the model breaks at a joint, the system also highlights the joint in
red (b). When the model falls down, the system shows a big red
arrow mark (c). These warnings automatically appear and are con-
tinuously updated during the user’s dragging operation, so the user
can move back to a valid state by direct manipulation and watching
these feedbacks.

In addition to checking whether the current configuration is valid or
not, the system computes the valid range of the parameter (degrees
of freedom, DOF) being manipulated and shows it to the user during
direct manipulation (mouse drag). When the current configuration
is valid, the system shows the valid range as a black line. When the
current configuration is invalid, the system shows the valid range in
red (see Figure 4). Explicitly showing the valid range reduces the
need of trial and errors to stay within or return to valid state during
direct manipulation editing.

The system also provides suggestions (capped to a maximum of
8 in our setting) on how to resolve an invalid state, if applicable,
in the suggestion window after each mouse release. When a joint
becomes disconnected, the system shows how to make it connected
again (Figure 5a). When the model is undurable or unstable, the
system shows how to make it durable and stable (Figure 5b, 5c).
Each suggestion consists of a representative configuration and an
optional coordinated editing mode. When the user clicks on a sug-
gestion, the representative configuration appears in the modeling
panel together with arrow marks indicating the coordinated editing
mode (Figure 6a). The user drags one of these arrow marks to
make coordinated editing. Coordinated editing allows the user to
control multiple DOFs of a model simultaneously while satisfying
the required constraints. These multiple DOFs are coupled together,
i.e., the user cannot fix the undurability or instability moving each
DOFs individually. For example in Figure 6, if the user slides the
top board of the table toward left, the angle of the left leg become

Figure 4: Range indicators. Range is shown in black when the
current configuration is valid and in red when invalid.

a) b) c)

Figure 5: Example of suggestions. A joint is connected (a), the
model is made durable (b), and the model is made stable (c).

perpendicular to the ground to compensate the increase of bending
force on the left joint (Figure 6b, 6c).

4 Algorithm Overview

As the user edits the model (add, remove, translate, rotate, or scale
a plank), we first try to satisfy geometric constraints, i.e., joint con-
nectivity and ground contact, by adjusting the length of the other
planks. If we fail to satisfy the geometric constraints, we suggest
discrete changes to fix it. After the model satisfies geometric con-
straints, we check for physical validity of the current shape and
present the result to the user. We test for durability and stability that
amount to checking for inequality constraints on joint and contact
forces. In addition to showing valid or not, we also analyze how
validity changes with respect to further geometric modifications,
i.e., what changes make the invalid model valid, and vice versa. The
result of the analysis is used to compute valid ranges and make sug-
gestions. Section 5 describes how we measure and analyze physical
validity, while Section 6 describes how we compute valid range
visualization and suggestions based on the analysis. Note that fric-
tional contacts with the ground pose a challenge to the sensitivity
analysis, and we present a method to address this issue.

5 Physical Validity

In our interactive framework, we continuously analyze the current
design to provide feedback to the user about the physical validity
of the current shape during user’s editing. Specifically, the system
checks two types of physical validity: (i) if the nail joint is durable
or not, and (ii) if the structure is stable or not. In this section,
we first describe how to measure durability of a current design by
solving constrained rigid body dynamics to obtain forces on the
joint. Next, we propose sensitivity analysis to analytically estimate
changes in static equilibrium under infinitesimal perturbations of
the current design. This analysis helps to generate editing sugges-
tions as well as accelerate computation of validity.

5.1 Durability Measurement

In any nail-jointed wooden structure, the joints form the weakest
links, i.e., such structures primarily break at the joints rather than
at other sections [Parker and Ambrose 1997]. Hence, in our frame-
work we model component planks of wooden furniture as assem-
blies of unbreakable rigid bodies, while focusing on the joint and
the contact forces. We first define joint forces and then explain
how to compute joint and contact forces for a given model. We
then describe how to examine durability based on the obtained joint
forces. Most of the techniques explained in this section are standard
methods in physical simulation. We describe them for explaining
the main contribution described in the next section. An exception
is the treatment of frictional contact. It is not trivial to handle fric-
tional contact within the framework of sensitivity analysis and we
present a novel method.

a) c)b)

Figure 6: Example of coordinated editing using suggestions. The
table is non-durable and system shows multiple suggestions (a).
The user clicks on a suggestion, and it appears on the modeling
window (b). The user can change the position of the top board and
left leg simultaneously by dragging any of the arrow handles (c).

Definition of joint forces. We characterize each nail-
joint connection as a constraint between the participat-
ing plank pairs. We describe static rigid body equi-
librium under joint constraint following the notation of
[Geradin and Cardona 2001]. Let planks Pi and Pj be

representative
nail joint

Ni j

pi j

Pi

ci

Ri

Pjc j

R j

connected by a nail joint
Ni j. Further, say each
plank Pi has an initial
center position ci 2 R3,
and then we apply a rota-
tion Ri 2 SO(3) followed
by a translation ui 2 R3.
Although plank pairs are
connected using several
nails at a nail-joint, for
simplicity we represent
such nail positions using
a single point pi j. The joint constraint are: (i) a translational part
that keeps the participating planks together, and (ii) a rotational part
that prevents bending. Let,

dt
i j := [Ri(pi j � ci) + ci + ui]� [R j(pi j � c j) + c j + u j]

dr
i j := vect

�
RT

i R j
�

where, vect is an operator that extracts the axial rotation vector of a
rotation matrix. Note that since both Ri,R j 2 SO(3), RT

i R j is also
a rotation matrix. At each nail-joint Ni j the joint constraints are:

dt
i j = 0 and dr

i j = 0. (1)

The set of such constraints for a furniture can be redundant (e.g.,
if a set of planks are connected in a loop). This leads to an
over-constrained system. Hence, we allow for deviations from ex-
act constraint using a penalty method. Specifically, we measure
deformation energy at joint Ni j as E joint(Ni j) = 0.5kdt

i jk2/et +

0.5kdr
i jk2/er, which we include as the potential energy of the sys-

tem (see Equation 3). The scalar values et and er are small constants
(both set to 10�5 in our tests). The derivative of penalty function
E joint with respect to dt and dr,

ht = dt/et and hr = dr/er (2)

can be seen as a constraint force. We call these forces respectively
as translation force and bending force (in the field of engineering,
this bending force is called bending moment). Note that these de-
viation dt and dr are influenced by the values of et and er, but ht

and hr are not. These ht and hr have physical meaning relating to
equilibrium of the forces between planks.

Computation of joint and contact forces. In this work, we focus
on behavior of shapes under static equilibrium rather than dynamic
motion of rigid bodies. We therefore compute forces applied to
each joint by directly minimizing the total potential energy of the

� := {X1, X2, . . .} [Siggraph 2012]
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Figure 9: A shape space point is valid if it is both stable and
durable. For invalid shapes, our framework computes deformation
suggestions for the user to navigate to return to the valid region of
the shape space. We work in force spaces defined by contact forces
and bending forces for stability and durability, respectively. Stabil-
ity amounts to contact forces being restricted to the first quadrant,
while durability amounts to bending forces restricted to a durability
rectangle. Note that although in this example the forces spaces are
two dimensional, in general we work in high dimensional spaces.

on the ground and (ii) the contact states do not change during in-
teraction. This allows us to uniquely determine the anchor position
with respect to the initial configuration (see Figure 8-right) and ana-
lyze frictional force with design changes. Specifically, we place the
contact points at the corners of planks that touch the ground. When
the user sketches a plank, we detect the plank corner that touches
the ground, and label it as a contact point. Note that during de-
sign changes we ensure that the contacts touch the ground without
penetration or floating in the air (see Section 6).

For sliding, we relocate friction anchors so that the (friction) springs
do not generate excessive force beyond the limit of Coulomb fric-
tion. Further, we compute the frictional force based on position
difference between anchor and contact positions.

6 Exploration of Valid Spaces

In this section, we describe how our framework guides the user
towards the valid subspace of the configuration space G. If the
current design is valid, we indicate the range of user manipulations
that keeps the design validity. On the other hand, when the current
design becomes invalid, we make multiple suggestions to restore
validity. Note that even though the (unconstrained) configuration
space is high-dimensional, our computational framework only ex-
poses meaningful, i.e., valid suggestions, thus greatly simplifying
the user’s task. We make both continuous and discrete suggestions:
while continuous suggestions leave the inter-plank joint topology
unchanged, discrete suggestions involve adding support materials
to the current design.

6.1 Geometric Constraints
Aside from physical validity of the shape, i.e., durability and sta-
bility, shapes designed in our system are geometrically restricted
by two constraints: (i) geometrical joint constraint, and (ii) con-
tact constraint (see Section 5). We first restrict the design space
where the shape satisfy these geometrical constraint, and then in-
vestigate physical validity. Each plank has 8 degrees of design
freedom: 3 for translation, 3 for rotation, and 2 for edge lengths
around planks faces (plank thickness is fixed). For each degree of
design freedom of planks, we ensure that the contact constraint and
joint constraint are satisfied by adjusting length of the planks (Fig-

ure 10-left). Further, some degree of freedom are invalid, e.g., if
both sides of plank are nailed, the plank length cannot be adjusted
(Figure 10-right). We identify and remove such invalid degree of
freedom from the design space. Note that if there are C number
of plank components and #DOFinvalid number of invalid design de-
gree of freedoms, the constrained design space G has a dimension
of Ng = 8C � #DOFinvalid . Each basis corresponds to one plank’s
translation, rotation, or length change and it’s adjacent planks’s
length change. We scale the translation and length change basis
with inverse of the size of maximum bounding box edge length so
that we can make the translation and length change DOFs dimen-
sionless same as rotation DOFs. Next we describe how we enable
exploration in a physically valid subspace of constrained design
space G, which satisfy the geometrical constraints.

adjusted plank lengths b) invalid translational modea)

Figure 10: Constrained design modes: (a) length of planks neigh-
boring to edited planks are adjusted so that joints stay connected;
(b) a translation mode is invalid if both sides of planks are jointed.

6.2 Valid Space

Recall that a shape is physically valid if two conditions are satisfied:
(i) the shape is durable amounts to each joint having both pulling
and shear forces before allowed thresholds, written as

| fpull |  fpull max and | fshear|  fshear max 8Ni j, (7)

and (ii) the shape is stable (i.e., does not topple) amounts to each
contact point having a non-negative contact force fcont in the direc-
tion normal to the ground, written as

f l
cont � 0 8 contact points l. (8)

Let the corresponding subspaces of the configuration space G be
Gdurable and Gstable, respectively. Thus the valid shape space is
Gvalid := Gdurable \ Gstable. When the current design becoms invalid,
we provide multiple suggestions to project back to the valid shape
space (see Figure 9).

The valid space typically has a complex boundary since it is charac-
terized by non-linear inequality constraints. Further, since the con-
figuration space is high-dimensional, computing the exact boundary
is difficult and time consuming. Also, it is nearly impossible to
arbitrarily pick a valid shape directly from the high-dimensional
volume Gvalid . Instead, we first pick several meaningful search di-
rections from the current configuration. We choose search direction
such that the invalid shape becomes valid under small manipulation.
For each such direction, we use line search to identify configuration
intervals where all the validity conditions are satisfied.

Since the boundaries of Gdurable and Gstable are characterized by
force inequalities, we consider the valid shape space boundary in
the force space, i.e., a coordinate space with the forces as the axes.
Each boundary is then geometrically prescribed by the correspond-
ing inequality. For example, when there are two contact points, the
stable region is two dimensional and Equation 8 simply indicates
that the first quadrant is the stable region (see Figure 9).

In order to efficiently characterize the joint durability force space,
we make two approximations: (i) the translation force ht in Equa-
tion 4 remains constant with respect to small design changes and
only the bending force hr varies; (ii) the shearing force in Equa-
tion 5 does not change with small design changes. The approxi-
mation are true when the bending force hr is dominant and more
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